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Abstract
The aim of the paper is twofold. On one hand we want to present a new
technique called p-caloric approximation, which is a proper generalization of the
classical compactness methods ﬁrst developed by DeGiorgi with his Harmonic Approximation Lemma. This last result, initially introduced in the setting of Geometric Measure Theory to prove the regularity of minimal surfaces, is nowadays
a classical tool to prove linearization and regularity results for vectorial problems.
Here we develop a very far reaching version of this general principle devised to
linearize general degenerate parabolic systems. The use of this result in turn allows
to achieve the subsequent and main aim of the paper, that is the implementation
of a partial regularity theory for parabolic systems with degenerate diﬀusion of the
type
(0.1)

∂t u − diva(Du) = 0 ,

without necessarily assuming a quasi-diagonal structure, i.e. a structure prescribing
that the gradient non-linearities depend only on the explicit scalar quantity |Du|.
Indeed, the by now classical theory of DiBenedetto (Degenerate parabolic equations,
Universitext, New York, NY, Springer-Verlag, 1993) introduces the fundamental
concept of intrinsic geometry and allows to deal with the classical degenerate parabolic p-Laplacian system
(0.2)

∂t u − div(|Du|p−2 Du) = 0

and more generally with systems of the type


(0.3)
∂t u − div g(|Du|)Du = 0 .
Here, we take such regularity results as a starting point and develop a partial regularity theory – regularity of solutions outside a negligible closed subset of the domain – applying to general degenerate parabolic systems of the type (0.1), thereby
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ABSTRACT

not necessarily satisfying a structure assumption as (0.3). The partial regularity rather than the everywhere one, is natural since even in the non-degenerate
case, when considering systems with general structure, singularities may occur.
The proof of the almost everywhere regularity of solutions is then achieved via
an extremely delicate combination of local linearization methods, together with a
proper use of DiBenedetto’s intrinsic geometry: the general approach that consists
in performing the local analysis by considering parabolic cylinders whose spacetime scaling depend on the local behavior of the solution itself. The combination
of these approaches was exactly the missing link to prove partial regularity for general parabolic systems considered in (0.1). In turn, the implementation realizing
such a matching between the two existing theories is made possible by the p-caloric
approximation lemma. More precisely, the proof involves two diﬀerent kinds of
linearization techniques: a more traditional one in those zones where the system
is non-degenerate and the original solution is locally compared to solutions of a
suitable linear system, and a degenerate one in the zones where the system is truly
degenerate and the solution can be compared with solutions of systems as (0.2) via
the p-caloric approximation lemma.

CHAPTER 1

Introduction and Results
The aim of this paper is twofold: the ﬁrst, and main one, is to establish a rather
satisfying regularity theory for general parabolic systems with degenerate diﬀusion;
the second one, of more technical and specialized character, is to introduce a suitable
analog of the classical harmonic approximation methods of DeGiorgi’s pioneering
work [14] from the elliptic setting, which in turn is the key to a regularity theory
for degenerate parabolic systems.
1.1. A short introduction to the regularity of parabolic systems
A brief description of the present status of the regularity theory for general
parabolic systems cannot begin but with the observation that already in the case
of elliptic systems the so called partial regularity – also called almost everywhere
regularity – is in general the best one can usually expect, and therefore the same
happens in the case of parabolic systems. Indeed, since the important counterexample of DeGiorgi [15] – see also [50, 51, 59] – it is known that when dealing with
general elliptic systems of the type
div a(Du) = 0

or

div(A(x)Du) = 0

considered in an open subset Ω ⊆ R , solutions might possess singularities, and
therefore everywhere regularity fails to hold in general. Instead, one can show
partial regularity of solutions, i.e. they are regular outside a negligible closed subset,
thereby called the singular set of the solution:
n

1,α
(Ωu , RN )
u ∈ Cloc

(1.1)

and

|Ω \ Ωu | = 0

and we refer to [33, 35, 48] for an account of the theory and a list of references.
Eventually estimates for the Hausdorﬀ dimension and boundary regularity can be
inferred [46, 47, 24]. Let us mention that related results for integral functionals
in the calculus of variations are obtained in [40, 41]. The above partial regularity
results for elliptic systems have been extended to the case of parabolic systems of
the type
∂t u = div a(Du)

(1.2)

and we refer for instance to [6, 8, 27, 29, 53, 54] for the most recent and sharp
theorems on the issue. Let us meanwhile remark that the system in (1.2), as all
the other parabolic ones in this paper, will be considered in the cylindrical domain
ΩT := Ω × (0, T ) ,
where Ω ⊆ R is an open bounded domain with n ≥ 2. Such partial regularity
results are however obtained under a non-degenerate ellipticity assumption, both
in the case of systems and in that of variational integrals, and this amounts to
n

1

2
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require – when considering problems with so called p-growth, that is when we
prescribe on a(Du) a growth bound in terms of |Du|p−1 – that
(1.3)

ν(1 + |q|2 )

p−2
2

|ξ|2 ≤ Da(q)ξ, ξ

for every q, ξ ∈ RN n .

We are of course assuming that u takes its values in RN and N > 1. An assumption
like (1.3) is however not satisﬁed for important examples as for instance the pLaplacian system
(1.4)

div(|Du|p−2 Du) = 0

and its evolutionary version, the parabolic p-Laplacian system:
(1.5)

∂t u = div(|Du|p−2 Du) .

The ﬁrst important observation is that, both the system in (1.4) and the one in
(1.5), present a central, additional feature: the gradient non-linearity only depends
on the scalar quantity |Du|. As a matter of fact the interior regularity results
available for (1.5) readily extend to systems of the type
(1.6)

∂t u = div(g(|Du|)Du) ,

assuming that
(1.7)

g(|Du|) ≈ |Du|p−2 ,

where the symbol ≈ must be made precise in a suitable way. Assumption (1.7)
tells, once again, that the gradient non-linearity depends on Du via the modulus
|Du|. This is in fact of crucial importance, already in the elliptic case, in order to
pass from partial regularity to everywhere regularity and proving that the singular
set is in fact empty. Indeed, an approach to the regularity of solutions to (1.4)
has been given for the ﬁrst time by Uhlenbeck [60] - the scalar case N = 1 had
been previously treated by Ural’tseva [61] - who proved that solutions to (1.4) are
locally of class C 1,α for some α ∈ (0, 1). We remark that up to now the structure
condition
a(Du) = g(|Du|)Du
is essentially the only one known to imply the everywhere interior regularity of
solutions, and this fact goes back to the work of Uhlenbeck, as just mentioned; for
a recent updated survey we refer for instance to [48].
The regularity theory for evolutionary systems of the type (1.5) and (1.6) is
instead a fundamental achievement of DiBenedetto & Friedman, which is reported
in the papers [18, 19, 20], where the concept of intrinsic geometry has been extensively used in order to obtain the relevant local estimates. For the C 1,α -estimate
see also [62]. The intrinsic geometry approach of DiBenedetto [16], which is by now
classical and that is described at length in the monograph [17], is actually at the
origin of virtually all the techniques developed up to now to prove regularity results
for degenerate parabolic problems, see for instance [3, 5, 7, 21, 38, 39, 52]. This
approach prescribes, roughly speaking, that the regularity of solutions to evolutionary equations as in (1.5) has to be studied by considering the behavior of solutions
on shrinking cylinders whose space-time scaling – actually the ratio between the
space and time size – varies according to the size of the solution itself, typically
the modulus of u or of Du, according to the kind of regularity under consideration.
The reason why the method of intrinsic scaling is necessary can be easily understood by means of simple homogeneity consideration: problems as (1.5) are not
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scaling invariant in the sense that multiplying a solution by a constant does not
yield a solution of another, similar problem. Therefore the resulting lack of homogeneity of local estimates obtainable in the usual parabolic cylinders does not allow
for the typical elliptic iterations, and must be therefore re-balanced in some way.
The idea is now to pass from inhomogeneous integral inequalities to homogeneous
ones involving integrals with solution-dependent supports. To outline how such an
intrinsic approach works, let us consider a zone, actually a cylinder Q, where,
roughly speaking, the size of the gradient is approximately λ – possibly in some
integral averaged sense – i.e.
|Du| ≈ λ > 0 .

(1.8)

In this case we shall consider cylinders of the type
(1.9)

Q = Q(λ) (z0 ) ≡ B (x0 ) × (t0 − λ2−p 2 , t0 + λ2−p 2 ) ,

where B (x0 ) ⊆ Rn is the usual Euclidean ball centered at x0 and with radius  > 0
and z0 = (x0 , t0 ). Then cylinders of this type are just the balls with respect to the
metric





(1.10)
dλ (x, t), (y, s) := max |x − y|, λp−2 |t − s| .
Note, when λ ≡ 1, the cylinder and the metric in (1.9) and (1.10) reduce to the
usual parabolic cylinder given by
(1.11)

2
2
Q (z0 ) ≡ Q(1)
 (z0 ) ≡ B (x0 ) × (t0 −  , t0 +  ) ,

and the corresponding standard parabolic metric deﬁned by





dP (x, t), (y, s) := max |x − y|, |t − s| .
Indeed, the case p = 2 is the only one admitting a non-intrinsic scaling and for which
local estimates have a natural homogeneous character. In this case the systems in
question are non-degenerate; while in this paper we shall not be interested in the
case p = 2, treated at length in other parts of the literature, see for instance
[27, 6, 9] and related references. For the sake of exposition we shall several times
restrict to the situation where p = 2, although several of the arguments proposed
here can be easily extended to the case p = 2. The heuristics of the intrinsic
scaling method can now be easily described as follows: assuming that in a cylinder
Q as in (1.9) the size of the gradient is approximately λ, we have that the system
in (1.5) looks like
∂t u = div(λp−2 Du)
which after a scaling, that is considering


B1 (0) × (−1, 1) (x, t) → v(x, t) := u x0 + x, t0 + λp−2 2 t ,
behaves exactly as the heat system
∂t v =  v

in B1 (0) × (−1, 1) ,

which admits in fact perfect a priori estimates for solutions. The success of this
strategy is therefore linked to a rigorous construction of such cylinders in the context
of intrinsic deﬁnitions. Indeed, the way to express a condition as (1.8) is typically
in an averaged sense like for instance
1
1



p
p
1
p
p
(1.12)
|Du|
dz
≡
−
|Du|
dz
≈ λ,
z ≡ (x, t)
(λ)
(λ)
Q
|Q | Q(λ)
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−

or

(λ)

Du dz ≈ λ .

Q

The problematic aspect in (1.12) clearly relies in the fact that the value of the
integral average must be comparable to a constant which is in turn involved in the
(λ)
(λ)
construction of its support Q ≡ Q (z0 ), exactly according to (1.9).
Let us now brieﬂy turn to the case of standard non-degenerate systems with
linear growth i.e. p = 2, to recall the known approaches of partial regularity
and local linearization. On the side of classical partial regularity proofs, the
main technique usually employed is basically a linearization one. The basic idea
can be now summarized as follows: A point z0 ∈ ΩT is by deﬁnition regular iﬀ
the oscillations of the gradient of the solution are small in a quantiﬁable way in
a neighborhood of it. Vice versa, the viewpoint of partial regularity is that this
situation is achieved provided the oscillations of the gradient are a priori small in
a neighborhood of the point in question, this smallness being measured, as usual,
in an averaged integral way. Indeed, functionals as the mean square deviation of
the gradient with respect to its average are useful at this stage to express a small
oscillation property. The basic assertion of partial regularity is now that a point z0
is regular iﬀ a smallness condition of the type


(1.13)
− |Du − (Du)Q |2 dz ≤ ε , with (Du)Q ≡ − Du dz ,
Q

Q

is satisﬁed for a standard cylinder Q = Q (z0 ) centered at z0 . Here the number ε
implying the regularity of the gradient in general depends on the structure conditions imposed on the system, and in most of the cases also on the point z0 where Q
is centered. Condition (1.13) is in turn used to implement a comparison argument
aimed at comparing the original solution u to the solution v of a linear parabolic
system with constant coeﬃcients of the type
 
 
(1.14)
∂t v = div Da (Du)Q Dv ,
with v agreeing with u on the parabolic boundary of Q, or at least with v close in an
integral sense to u. The role of a smallness assumption as (1.12) is then to quantify
the closeness of the original solution to an aﬃne map whose coeﬃcient is given
by (Du)Q , so that the system (1.14) can be considered as a Taylor approximation
of the original system. On the other hand, since (1.14) is a linear system, good
regularity estimates are available for the solution v and in series such estimates can
be conveyed to u, thereby proving that Du is Hölder continuous in a neighborhood
of the center z0 of Q. It is of course at the core of partial regularity to prove
that a smallness condition formulated in an integral way as in (1.13) is suﬃcient to
make the whole machinery work and to prove the Hölder continuity of Du. This
is the standard approach in elliptic and parabolic regularity theory: to commute
integral bounds on the oscillation of Du in L2 – or something near it – in pointwise
bounds, that is in L∞ . Needless to say, since a condition of the type (1.13) is
only satisﬁed almost everywhere, the above techniques ultimately lead to almost
everywhere regularity in the sense of (1.1).
The ﬁrst of the methods outlined in the preceding lines, i.e. the intrinsic scaling
method, is, as already mentioned above, at the core of DiBenedetto’s viewpoint on
parabolic regularity and allows for the proof of interior regularity of solutions to
systems as (1.5), while the linearization method used to prove partial regularity
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goes back to the classical papers of DeGiorgi [14], and Morrey [49] as far as the
non-parametric case is considered.
The aim of this paper is now to go beyond; in fact, building on both the approaches, and especially on DiBenedetto’s one, we treat the case of regularity for
general parabolic systems of the type (1.2) which turn out to feature a degenerate
diﬀusion. This means that an assumption of the type (1.3), usually employed in
the literature, is here no longer considered. Needless to say, at the same time,
we shall not assume a quasidiagonal structure as (1.6). The only assumption we
shall make on the kind of degeneration, which is necessary to quantify the rate of
parabolicity of the systems in question, is that the operator a(·) degenerates as the
p-Laplacian at the origin, see (1.17) below, therefore a priori prescribing the kind
of degeneration at the origin. In other words, the ultimate goal of this paper is
to produce methods to match the partial regularity theory available for the case
of non-degenerate elliptic and parabolic problems with the degenerate techniques
available for the evolutionary p-Laplacian type systems, ﬁnding a way to combine
the techniques of intrinsic scaling and partial regularity, both outlined above. To
achieve this we introduce a number of new tools and methods devised to combine
these two approaches, in particular the classical linearization and comparison arguments typical of partial regularity proofs as those using excess functionals as
in (1.13), will be implemented in the context of DiBenedetto’s intrinsic geometry,
eventually leading to a very delicate and technically challenging interplay.
1.2. The main regularity theorem and technical novelties
The speciﬁc assumptions we are considering are now listed as follows. Throughout the paper we consider degenerate parabolic systems of the type
∂t u = div a(Du)

(1.15)

in ΩT ,

where a : RN n → RN n is a continuous vector ﬁeld such that a ∈ C 1 (RN n , RN n ) if
p > 2 and a ∈ C 1 (RN n \ {0}, RN n ) if p < 2, satisfying the p-growth condition
|a(q)| ≤ L (1 + |q|)p−1 ,

(1.16)

for any q ∈ RN n and some L ≥ 1.
Remark 1.1. We remark that in this paper – unless otherwise explicitly stated
– we shall not consider the case p = 2 which falls into the realm of non-degenerate
problems and has been already treated – actually under more general assumptions
– in the paper [27], to which we refer for results and techniques.
We assume that the vector-ﬁeld a(·) admits a p-Laplacian type behavior at the
origin in the sense that the limit relation
(1.17)

lim
s↓0

a(sq)
= |q|p−2 q
sp−1

holds uniformly in {q ∈ RN n : |q| = 1}. Moreover, a(·) is assumed to be strictly
quasi-monotone, i.e. there exists a constant 0 < ν ≤ 1 such that for all q ∈ RN n
and ϕ ∈ C0∞ (B1 , RN ) there holds


 2
 p−2
2
2
2
|q| + |Dϕ|
|Dϕ| dx ≤
a(q + Dϕ) · Dϕ dx ,
(1.18)
ν
B1

B1

6
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a condition that can be easily seen to be equivalent to


 2
 p−2
2
2
2
|q| + |Dϕ|
|Dϕ| dz ≤
a(q + Dϕ) · Dϕ dz ,
ν
Q1

Q1

C0∞ (Q1 , RN ).

whenever ϕ ∈
Conditions (1.17) and (1.18) roughly speaking describe
the ellipticity properties of the vector ﬁeld a(·). The ﬁrst one serves to specify the
rate of degeneration at zero – that is the only point where the operator turns out
to be degenerate – and it says that the operator degeneration is of the type of
the p-Laplacian. Assumption (1.18) is a way to prescribe the ellipticity at those
matrices which are diﬀerent from zero. For instance, whenever a is assumed to be
monotone – an additional stronger assumption that we do not actually need in this
paper – the following ellipticity condition is implied:
c(ν)|q|p−2 |ξ|2 ≤ Da(q)ξ, ξ

for every q, ξ ∈ RN n ,

which is a degenerate form of (1.3), and tells that the system in question is nondegenerate only when q = 0.
On the gradient of the vector-ﬁeld a(·) we do not impose any uniform growth
or continuity-condition. We shall merely assume that for given M > 0 there exists
κM ≥ 0 such that
|Da(q)| ≤ L κM |q|p−2 ,

(1.19)

for any q ∈ RN n such that |q| ≤ M and |q| = 0 if p < 2, and a non-decreasing
modulus of continuity ωM : [0, ∞) → [0, ∞) with
lim ωM (s) = 0
s↓0

such that

(1.20)

2
ωM
(·)

is concave and


⎧
 p−2
|q−q̃|2
2
2
2
⎪
⎨L ωM |q|2 +|q̃|2 |q| + |q̃|
|Da(q) − Da(q̃)| ≤

 2
 2−p
⎪
2
|q−q̃|2
|q| +|q̃|2
⎩L ω
M |q|2 +|q̃|2
2
2
|q| |q̃|

for p > 2
for p < 2

whenever q, q̃ ∈ RN n such that 0 < |q|, |q̃| ≤ M . The last two assumptions are
rather standard in the regularity theory of vectorial elliptic and parabolic problems
and important in order to perform the basic linearization arguments when starting
from the non-degenerate cases; see for instance [26, 31, 56] and related references.
The notion of (weak) solution adopted here, and in the rest of the paper, is of
course the usual distributional one and prescribes of course that a map




(1.21)
u ∈ C 0 0, T ; L2 (Ω, RN ) ∩ Lp 0, T ; W 1,p (Ω, RN )
is a (weak) solution to (1.15), under the assumption (1.16), iﬀ



u · ∂t ϕ − a(Du) · Dϕ dz = 0
ΩT

holds for every ϕ ∈

C0∞ (ΩT , RN ).

We now can state our partial regularity result.

Theorem 1.2 (Main regularity result). Let
(1.22)
and

2n
n+2

<p=2





u ∈ C 0 0, T ; L2 (Ω, RN ) ∩ Lp 0, T ; W 1,p (Ω, RN )
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be a weak solution of the parabolic system (1.15) under the assumptions (1.16)
– (1.20). Then, there exist α ≡ α(n, N, p, ν, L, κ3 ) ∈ (0, 1) and an open subset
Q0 ⊆ ΩT such that

α,α/2 
Q0 , RN n
and
|ΩT \ Q0 | = 0 .
Du ∈ Cloc
In other words the previous result shows that in a neighborhood of a point
z0 ∈ Q0 the spatial derivative Du is Hölder continuous with Hölder-exponent α with
respect to the standard parabolic metric deﬁned in (1.11). This result extends the
classical partial regularity available for non-degenerate systems to those admitting
a degeneration of p-Laplacian type at the origin.
Remark 1.3 (On condition (1.22)). We remark that the lower bound on p
appearing in (1.22) is absolutely natural to prove regularity in such a context; see
for instance [17] for a larger discussion and conterexamples. The assumption p = 2
is actually non-restrictive. In Remark 1.1 we already mentioned that the case p = 2
turns automatically out to be non-degenerate and a partial regularity result can be
obtained under weaker assumptions; for results and techniques in this case we refer
to the paper [27].
As mentioned in the previous section, the proof of Theorem 1.2 is based on
a very delicate interaction between the two approaches, i.e. the intrinsic scaling
method and partial regularity and local linearization. The Hölder continuity of the
spatial gradient Du around a (regular) point z0 is achieved via a suitable decay of
an excess-functional Φ(·) of the type appearing in (1.13) and which measures in
an integral way the oscillations of the gradient Du, being simultaneously linked to
the structure of the problem under consideration. In fact, in this case Φ(·) takes a
more peculiar form. For p > 2 – a case which in this introduction we restrict to for
clearness of exposition – v ∈ Lp (0, T ; W 1,p (Ω, RN )) and Q (z0 ) ⊆ ΩT we set


 p−2
|(Dv)Q (z0 ) |2 + |Dv−(Dv)Q (z0 ) |2 2
Φ(v; z0 , ) := −
Q (z0 )

· |Dv − (Dv)Q (z0 ) |2 dz,

(1.23)

where (Dv)Q (z0 ) denotes the mean value of Dv on Q (z0 ). Here Q (z0 ) denotes
the standard parabolic cylinders deﬁned in (1.11).
The ultimate goal is to prove a decay estimate of the type
Φ(u; z0 , ) ≤ c α

(1.24)

at the regular point z0 and eventually in a neighborhood of z0 , an inequality which
by mean of a standard integral characterization of Hölder continuity due to Campanato and Da Prato implies the Hölder continuity of the Du. In turn, in order
to apply the intrinsic geometry approach we shall deﬁne an intermediate excess
functional incorporating an auxiliary scaling parameter λ > 0; this is deﬁned by


 p−2
|(Dv)Q(λ) (z0 ) |2 + |Dv−(Dv)Q(λ) (z0 ) |2 2
Φλ (v; z0 , ) := −
(λ)

Q (z0 )





· |Dv − (Dv)Q(λ) (z0 ) |2 dz,

(1.25)



(λ)

where Q (z0 ) is deﬁned in (1.9) and (Dv)Q(λ) (z0 ) denotes the mean value of Dv on


(λ)

Q (z0 ); that is, we are using an excess functional deﬁned on intrinsic cylinders
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relating the scaling λ of the domain of integration to the gradient Du in a way described in (1.12). Note that Φλ (v; z0 , ) with λ ≡ 1 reduces to the excess functional
Φ(v; z0 , ) from (1.23), and as it will be clear from the proof, this excess functional
will be eventually linked to the one in (1.23) during the proof, when controlling
the size of the gradient during certain iteration schemes. Speciﬁcally, at every scale
the value of the number λ will be related to the solution via an intrinsic relation
of the type (1.12). In a second step we show that the values of the numbers λ
stay bounded as  → 0 provided we are in a neighborhood of a regular point. Furthermore, if Du(z0 ) = 0 then λ goes to zero, when  → 0. Therefore the intrinsic
(λ)
– i.e. stretched in time – cylinders Q (z0 ) will be ultimately comparable to the
standard parabolic ones in a neighborhood of a regular point z0 with Du(z0 ) = 0.
This features a new technical approach and means that in such zones the two excess
functionals in (1.23) and (1.25) will be ﬁnally comparable.
At this point it is rather clear that the interaction between the role of the intrinsic geometry – which appears since the problem is degenerate – and the standard
linearization methods is the crucial point of the proof of Theorem 1.2, since the
shape of the cylinders, and therefore of the estimates involved, change according
to the local degeneration rate of the system. A closer look to the strategy of the
proof, which, using diﬀerent comparison techniques according to whether we are in
a degenerate point or in a non-degenerate one – a common alternative occurring
in degenerate problems, see for instance [26, 56] – presents outstanding technical
diﬃculties. The strategy is roughly to distinguish between two regimes.
The non-degenerate regime (NDR). We consider an intrinsic cylinder
(λ)
Q (z0 ) and we say we are in the non-degenerate regime when the average of
the gradient is larger than the excess functional (whose value has to be understood
in this context as a re-normalization factor in the local linearization procedure):
Φλ (u; z0 , )  |(Du)Q(λ) (z0 ) |p .


Here, λ is again coupled to the gradient in an intrinsic way according to a relation
as (1.12). More precisely, we assume that
|(Du)Q(λ) (z0 ) | ≈ λ .


(λ)

This last relation actually makes Q (z0 ) an intrinsic cylinder. In this situation
we adopt the local linearization procedure from the partial regularity theory and
locally compare the solution u with a solution v of a linear parabolic system with
constant coeﬃcients, i.e. a problem which is non-degenerate; this is achieved via
the method of A-caloric approximation from [29, 54]. Then good a priori estimates
for v are indeed inherited by u in the regularization process. For this we refer to
Section 8.1.
The degenerate regime (DR). This case refers to the situation when the
gradient is in average smaller than the excess functional in the sense that
|(Du)Q(λ) (z0 ) |p  Φλ (u; z0 , ) and


|(Du)Q(λ) (z0 ) | ≤ cλ ,


or
|(Du)Q(λ) (z0 ) |  λ .


This situation is considered in Section 8.2 and involves the use of one of the main
tools developed in this paper, the p-caloric approximation lemma. In this situation
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we compare the original solution u with the solution w of a degenerate parabolic
system of p-Laplacian type
(1.26)

∂t w = div(c|Dw|p−2 Dw)

and then proceed taking advantage of the fact that also in this case the solution
w is regular and enjoys certain a priori estimates, eventually inherited by u. It is
precisely this point where we exploit the fact that we are using intrinsic cylinders:
indeed only the use of such a geometry makes a comparison between u and w
possible since alone on such cylinders regularity properties of w can be expressed
in a way that allows them to be transferred to u. At this stage essentially the
method of intrinsic geometry described in the previous section comes into the play.
In this context it is an important part of the proof to put the original estimates of
DiBenedetto & Friedman in ready-to-use form; see Chapter 7. We note that the
closeness of the original solution u to w is a consequence of the assumption (1.17),
which prescribes the type of degeneration of the original parabolic system at the
origin; once used in a suitable linearization scheme assumption (1.17) reads as a
closeness condition between u and the solution to an asymptotic system as (1.26).
The linearization methods corresponding to the non-degenerate regime (NDR)
and the degenerate regime (DR) are contained in any case in Chapter 6, where the
perturbation lemmas necessary to the use of the A-caloric and p-caloric approximation lemmas are reported.
Finally, the degenerate and the non-degenerate regime can be matched via an
extremely delicate iteration procedure where keeping the control of the constants
is by no means a trivial fact; see Section 8.3 and the tables with the constant
dependencies can be found in Remark 8.4.
The scheme of proof outlined above also yields a precise characterization of the
singular set which is displayed in the next theorem.
Theorem 1.4 (Description of the singular set). Under the assumptions of Theorem 1.2, we know that the singular set Σ = ΩT \ Q0 is contained in Σ1 ∪ Σ2 , where


Σ1 ≡ z0 ∈ ΩT : lim inf Φ(u; z0 , ) > 0 ,
↓0


Σ2 ≡ z0 ∈ ΩT : lim sup |(Du)Q (z0 ) | = ∞ .
↓0

Moreover, if for some regular point z0 ∈ ΩT \ (Σ1 ∪ Σ2 ) there holds Du(z0 ) = 0,
then there exists σ > 0 such that Du ∈ C α,α/2 (Qσ (z0 ), RN n ) for any α ∈ (0, 1).
1.3. The p-caloric approximation technique
As mentioned above, one of the aims of this paper is to introduce a compactness
technique for treating the regularity and the linearization of degenerate parabolic
systems as in (1.15). Such compactness methods are a powerful tool in the modern
theory of partial diﬀerential equations in that their use allows to simplify approaches
and proofs, and to often achieve optimal regularity results unreachable otherwise.
Here, by compactness methods we mean the use of convergence methods in order
to prove certain inequalities, which, in principle, could also be proved by direct,
analytical arguments. Such analytical methods are very often delicate, and do not
always lead to the optimal result one would expect; this is one of the reasons for
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using instead indirect methods. A basic, elliptic example of such methods is given
by the following:
Theorem 1.5 (p-harmonic approximation lemma [25]). Let n, N ∈ N with
n ≥ 2 and B be the unit ball in Rn and p > 1. For every ε > 0 there exists a
positive constant δ0 ∈ (0, 1] depending only on n, N, p and ε such that the following
is true: Whenever u ∈ W 1,p (B, RN ) satisfying DuLp (B) ≤ 1 is approximately
p-harmonic in the sense that

|Du|p−2 Du · Dϕ dx ≤ δ0 sup |Dϕ|
(1.27)
B

B

holds for all ϕ ∈ C0∞ (B, RN ), then there exists a map h ∈ W 1,p (B, RN ), such that
div (|Dh|p−2 Dh) = 0 in B, and such that


p
(1.28)
|Dh| dx ≤ 1
and
|h − u|p dx ≤ εp .
B

B

The case p = 2 of Theorem 1.5 has been used by DeGiorgi in his fundamental
paper on the regularity of minimal surfaces [15] and eventually by Simon [58]
to study the regularity of harmonic maps, while a more general version – the Aharmonic approximation method – has been introduced by Duzaar & Steﬀen [30] in
the setting of Geometric Measure Theory; this was later on applied in the setting
of elliptic systems in [23] to yield an optimal regularity result. The case p = 2
has been proved in [25] and was used to establish regularity results for various
degenerate problems [25, 26]. The diﬃculty in the case p = 2 obviously relies in
passing to the limit in the vector ﬁeld, since the vector ﬁeld involved is non-linear,
and plain weak convergence arguments do not suﬃce.
A ﬁrst parabolic extension – suitable for non degenerate problems and involving
linear operators – has been given in the papers [27, 29, 54, 6], while a general
non-linear parabolic version of Theorem 1.5 – together with its application to the
regularity of degenerate parabolic problems – was still lacking; we refer to the survey
paper [28] for an updated overview on compactness methods.
The second main result of the paper is in fact concerned with this last gap,
thereby providing a suitable parabolic analog of Theorem 1.5, that we indeed call
the p-caloric approximation lemma, see Theorem 1.6 below. This result indeed provides an analog which allows to approximate solutions of the parabolic p-Laplacian
system – or even more general degenerate parabolic systems – with exact solutions
of the system, and therefore to perform the local linearization methods necessary
to prove partial regularity as explained in the previous section.
For the sake of clearness, in this introductory part we report a version of the
p-caloric approximation lemma for the model case given by parabolic p-Laplacian.
However, our methods also allow to treat more general vector-ﬁelds A(z, w) ≈
|w|p−2 w, without any further eﬀort and therefore we prove the result for general
vector ﬁelds with a p-Laplacian structure at the origin, also allowing a dependency
on the variable z = (x, t). For the precise structure conditions on A we refer
the reader to Chapter 4. At this stage we state the p-caloric approximation for
the degenerate case p ≥ 2 only, again for the sake of clearness. Later on we also
provide a version for the singular case 2n/(n + 2) < p < 2, whose proof needs
certain adjustments compared to the case p ≥ 2. This can be found in Section 4.2,
Theorem 4.5. For the notation used in the following we refer to Section 2.1 below.
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Theorem 1.6 (p-caloric approximation lemma). Let n, N ∈ N with n ≥ 2,
p ≥ 2 and cp ≥ 1 be ﬁxed. Then, for any ε > 0 there exists a positive function
δ0 (n, N, p, cp , ε) ≤ 1 with the following property: Whenever
w ∈ Lp (−1, 1; W 1,p (B1 , RN ))

(1.29)
satisﬁes



p
− |w| dz + − |Dw|p dz ≤ 1
Q1

Q1

and is approximatively p-caloric in the sense that

− w · ∂t ϕ − |Dw|p−2 Dw · Dϕ dz ≤ δ0 DϕL∞

∀ ϕ ∈ C0∞ (Q1 , RN ),

Q1

and moreover the Poincaré-type inequality


(λ)
|w − (w)z;r | dz ≤ cp r −
(1.30)
−
(λ)

Qr (z)


(λ)

|Dw| + λ

2−p

(1 + |Dw|)

p−1

dz ,

Qr (z)
(λ)

holds for any parabolic cylinder Qr (z) ⊆ Q1 , then there exists a p-caloric function
h ∈ Lp (−1/4, 1/4; W 1,p (B1/2 , RN )), i.e.
∂t h − div(|Dh|p−2 Dh) = 0
such that


|h| dz + −


−

p

Q1/2

and


−

in Q1/2 ,

|Dh|p dz ≤ H

Q1/2

|w − h|p + |w − h|2 dz ≤ ε

Q1/2

holds, where H is a non-decreasing function of the arguments n, p, L/ν.
Remark 1.7. Comparing the statement of Theorem 1.6 with the statement
of the p-harmonic approximation lemma 1.5 – see [25, 28] – we observe that the
a priori requirement of the validity of Poincaré’s inequality (1.30) appears as an
additional assumption and indeed it is. On the other hand in view of the main
application of the p-caloric approximation lemma this is not restrictive in that an
assumption of this structure is automatically satisﬁed by weak solutions to systems
as in (1.2) and more in general by weak solutions to certain diﬀerential identities
as in (3.1); see Lemma 3.1 below. For the case p = 2 we refer the reader to the
papers [27, 29, 6], where a version of the p-caloric approximation lemma for linear
vector ﬁelds A is proved without the additional assumption (1.30).
The extension of the p-harmonic approximation lemma to the case of degenerate parabolic systems features one major obstruction. Already in the elliptic case,
the passage to the limit k → ∞ in non-linear quantities as |Dwk |p−2 Dwk of certain
approximative solutions wk is a delicate issue in view of the non-linearity. Nevertheless, in the elliptic case [25, 28], the passage to the limit could be justiﬁed
via a testing-procedure with certain Lipschitz-truncations operated via maximal
operators, in combination with certain selection and monotonicity arguments. By
Lipschitz-truncation we mean that the sequence of original maps wk is replaced
by a uniformly Lipschitz-regular sequence w̃k obtained by truncating the maximal
operators of the gradients Dwk , and eventually making a suitable extension. This
replacement allows to obtain the desired convergence statements. Unfortunately,
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for parabolic problems there is no analogue of the Lipschitz-truncation method
available, since the natural space for weak solutions does not provide enough regularity in time – no derivative in time is involved neither in (1.29) nor in the
deﬁnition of weak solutions (1.21) – therefore it is not possible to truncate the full
space-time gradient. In Section 3.2 we give an analog of the Lipschitz truncation
method provided we additionally assume a Poincaré type inequality, and this can
be interpreted as a weak assumption concerning the regularity with respect to time
of the approximative p-caloric functions. This is the reason why we put such an
assumption in the p-caloric approximation lemma. It is worth to mention here that
such a Poincaré type inequality always holds for solutions of parabolic systems, as
for instance considered in our application (1.15), and therefore such an assumption
seems to be a natural one in this context; see also Remark 1.7. This is diﬀerent
from the corresponding elliptic problem, where this information is directly available,
since Sobolev-maps always satisfy certain Poincaré type inequalities. This information is in turn used to build up a suitable Lipschitz truncation which involves the
use of a maximal operator deﬁned with respect to the re-scaled parabolic metric
from (1.10) – see (3.3) – and relies on a Whitney type covering argument based on
some very delicate constructions introduced by Kinnunen & Lewis to prove higher
integrability of very weak solutions in the fundamental paper [39], see also [4, 7]
for the higher order version and [44] for the corresponding construction in the elliptic setting. A somewhat related technique has been used in [22] to establish the
existence of weak solutions of unsteady generalized newtonian ﬂuids.
The main idea of the construction of the parabolic Lipschitz truncation can
roughly be described as follows: Instead of using a uniform maximal function of the
spatial gradient Du deﬁned with respect to the standard parabolic cylinders of the
type Q (z0 ) one uses a universal parabolic maximal function deﬁned with respect
(μ)
to general parabolic cylinders Q (z0 ) with , μ > 0; see (3.3) for the deﬁnition of
the maximal function MP . Then, on the complement of the super-level sets
{z ∈ Q1 : MP (Du)(z) > λ} ,
u can be shown to be Lipschitz continuous with respect to the metric dλ from (1.10).
On the super-level sets one uses a Whitney type construction – performed with re(λ)
scaled parabolic cylinders of the form Q (z0 ) – in order to extend u from the lower
level-set to the whole of Q1 . This construction is performed by the use of Whitney
type cylinders on which the truncation is approximatively equal to the mean value
of u. More precisely, the mean values on the Whitney cylinders are glued together
by a partition of unity subordinated to the Whitney covering and therefore the
truncation is smooth on the super-level set. However, it is by no means clear that
the “Lipschitz truncation” is continuous, i.e. Lipschitz continuous with respect to
the adjusted parabolic metric dλ , across the boundary ∂{z ∈ Q1 : MP (Du)(z) > λ}
and as one can imagine showing this is a delicate highly non-trivial, and technically
challenging task. In principle the construction goes back to the fundamental work
of Kinnunen & Lewis [39] as already mentioned above.
1.4. Plan of the paper
The paper is now structured as follows. In Chapter 2 we collect a number of
technical results of various type. Chapter 3 includes a Poincaré inequality for solutions and the Lipschitz truncation. The delicate interplay between certain Poincaré
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inequalities and the Lipschitz estimates is exploited. In the subsequent Chapter 4
we ﬁnally give the proof of the p-caloric approximation lemma using the Lipschitz
truncation together with some delicate monotonicity arguments. Chapter 5 is now
devoted to derive suitable energy inequalities – usually called Caccioppoli type inequality or reverse Poincaré inequality – which are necessary to implement certain
crucial iteration procedures when proving partial regularity using the p-caloric approximation method. Although such inequalities are a standard tool in order to get
partial regularity assertions, here we have to be careful since, as the problems we
are considering are degenerate, the inequalities must have a suitable form in order
to allow further manipulations. In particular, the form of the inequalities derived
must match the form of the excess functionals deﬁned in (1.23) and (1.25). In
Chapter 6 we perform the local linearization in the non-degenerate regime (NDR)
as well as in the degenerate regime (DR) analyzed in the previous section. Chapter
7 is dedicated to revisiting the fundamental DiBendedetto & Friedman’s regularity
theory [18, 19, 20]; in particular we need precise quantitative statements on the
various integral quantities measuring the oscillations of the gradient of solutions to
the p-Laplacian system of evolutionary type. In Chapter 8 we ﬁnally give the proof
of Theorem 1.2 in the superquadratic case p > 2; as mentioned in the previous
section, this is an extremely complex subject; we use the A-caloric approximation
and the p-caloric approximation to linearize the system in the cases (NDR) and
(DR) and then combine the resulting regularity estimates using techniques related
to DiBendetto’s intrinsic geometry. Chapter 9 is dedicated to the proof of Theorem
1.2 in the subquadratic case 2n/(n + 2) < p < 2, which in turn involves additional,
non-trivial technical complications. In the ﬁnal Chapter 10, we conclude the partial
Lipschitz continuity of u with respect to the parabolic metric from the previously
shown partial Hölder continuity of Du.

