This page intentionally left blank

Advanced Topics in Applied
Mathematics
This book is ideal for engineering, physical science, and applied
mathematics students and professionals who want to enhance their mathematical knowledge. Advanced Topics in Applied Mathematics covers
four essential applied mathematics topics: Green’s functions, integral
equations, Fourier transforms, and Laplace transforms. Also included
is a useful discussion of topics such as the Wiener-Hopf method, ﬁnite
Hilbert transforms, Cagniard–De Hoop method, and the proper orthogonal decomposition. This book reﬂects Sudhakar Nair’s long classroom
experience and includes numerous examples of differential and integral
equations from engineering and physics to illustrate the solution procedures. The text includes exercise sets at the end of each chapter and a
solutions manual, which is available for instructors.
Sudhakar Nair is the Associate Dean for Academic Affairs of the Graduate
College, Professor of Mechanical Engineering and Aerospace Engineering, and Professor of Applied Mathematics at the Illinois Institute of
Technology in Chicago. He is a Fellow of the ASME, an Associate Fellow
of the AIAA, and a member of the American Academy of Mechanics as
well as Tau Beta Pi and Sigma Xi. Professor Nair is the author of numerous
research articles and Introduction to Continuum Mechanics (2009).

A D V A N CED TO P ICS IN
APPL I E D MA TH EM AT ICS
For Engineering and the
Physical Sciences

Sudhakar Nair
Illinois Institute of Technology

C A M B R I D G E U N I V E R S I T Y PRE SS

Cambridge, New York, Melbourne, Madrid, Cape Town,
Singapore, São Paulo, Delhi, Tokyo, Mexico City
Cambridge University Press
32 Avenue of the Americas, New York, NY 10013-2473, USA
www.cambridge.org
Information on this title: www.cambridge.org/9781107006201
© Sudhakar Nair 2011
This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written
permission of Cambridge University Press.
First published 2011
Printed in the United States of America
A catalog record for this publication is available from the British Library.
Library of Congress Cataloging in Publication data
Nair, Sudhakar, 1944– author.
Advanced Topics in Applied Mathematics: for Engineering and the Physical
Sciences/Sudhakar Nair.
p. cm
Includes index.
ISBN 978-1-107-00620-1 (hardback)
1. Differential equations. 2. Engineering mathematics. 3. Mathematical physics.
I. Title.
TA347.D45N35 2011
620.001 51–dc22
2010052380
ISBN 978-1-107-00620-1 Hardback
Cambridge University Press has no responsibility for the persistence or accuracy of URLs
for external or third-party Internet Web sites referred to in this publication and does not
guarantee that any content on such Web sites is, or will remain, accurate or appropriate.

Contents

Preface
page ix
1 Green’s Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1
1.1 Heaviside Step Function
1
1.2 Dirac Delta Function
3
1.2.1 Macaulay Brackets
6
1.2.2 Higher Dimensions
7
1.2.3 Test Functions, Linear Functionals, and
Distributions
7
1.2.4 Examples: Delta Function
8
1.3 Linear Differential Operators
10
1.3.1 Example: Boundary Conditions
10
1.4 Inner Product and Norm
11
1.5 Green’s Operator and Green’s Function
12
1.5.1 Examples: Direct Integrations
13
1.6 Adjoint Operators
16
1.6.1 Example: Adjoint Operator
17
1.7 Green’s Function and Adjoint Green’s Function
18
1.8 Green’s Function for L
19
1.9 Sturm-Liouville Operator
20
1.9.1 Method of Variable Constants
22
1.9.2 Example: Self-Adjoint Problem
23
1.9.3 Example: Non-Self-Adjoint Problem
24
1.10 Eigenfunctions and Green’s Function
26
1.10.1 Example: Eigenfunctions
28
1.11 Higher-Dimensional Operators
28
1.11.1 Example: Steady-State Heat Conduction
in a Plate
32
1.11.2 Example: Poisson’s Equation in a Rectangle
32
1.11.3 Steady-State Waves and the Helmholtz Equation 33
v

vi

Contents

1.12 Method of Images
1.13 Complex Variables and the Laplace Equation
1.13.1 Nonhomogeneous Boundary Conditions
1.13.2 Example: Laplace Equation in a Semi-inﬁnite
Region
1.13.3 Example: Laplace Equation in a Unit Circle
1.14 Generalized Green’s Function
1.14.1 Examples: Generalized Green’s Functions
1.14.2 A Récipé for Generalized Green’s Function
1.15 Non-Self-Adjoint Operator
1.16 More on Green’s Functions

34
36
38

2 Integral Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.1 Classiﬁcation
2.2 Integral Equation from Differential Equations
2.3 Example: Converting Differential Equation
2.4 Separable Kernel
2.5 Eigenvalue Problem
2.5.1 Example: Eigenvalues
2.5.2 Nonhomogeneous Equation with a Parameter
2.6 Hilbert-Schmidt Theory
2.7 Iterations, Neumann Series, and Resolvent Kernel
2.7.1 Example: Neumann Series
2.7.2 Example: Direct Calculation of the Resolvent
Kernel
2.8 Quadratic Forms
2.9 Expansion Theorems for Symmetric Kernels
2.10 Eigenfunctions by Iteration
2.11 Bound Relations
2.12 Approximate Solution
2.12.1 Approximate Kernel
2.12.2 Approximate Solution
2.12.3 Numerical Solution
2.13 Volterra Equation
2.13.1 Example: Volterra Equation
2.14 Equations of the First Kind
2.15 Dual Integral Equations
2.16 Singular Integral Equations
2.16.1 Examples: Singular Equations
2.17 Abel Integral Equation

56
56
58
59
60
62
63
64
65
67
68

38
39
39
42
43
44
47

69
70
71
72
73
74
74
74
75
76
77
78
80
81
82
82

Contents

2.18 Boundary Element Method
2.18.1 Example: Laplace Operator
2.19 Proper Orthogonal Decomposition

3 Fourier Transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.1 Fourier Series
3.2 Fourier Transform
3.2.1 Riemann-Lebesgue Lemma
3.2.2 Localization Lemma
3.3 Fourier Integral Theorem
3.4 Fourier Cosine and Sine Transforms
3.5 Properties of Fourier Transforms
3.5.1 Derivatives of F
3.5.2 Scaling
3.5.3 Phase Change
3.5.4 Shift
3.5.5 Derivatives of f
3.6 Properties of Trigonometric Transforms
3.6.1 Derivatives of Fc and Fs
3.6.2 Scaling
3.6.3 Derivatives of f
3.7 Examples: Transforms of Elementary Functions
3.7.1 Exponential Functions
3.7.2 Gaussian Function
3.7.3 Powers
3.8 Convolution Integral
3.8.1 Inner Products and Norms
3.8.2 Convolution for Trigonometric Transforms
3.9 Mixed Trigonometric Transform
3.9.1 Example: Mixed Transform
3.10 Multiple Fourier Transforms
3.11 Applications of Fourier Transform
3.11.1 Examples: Partial Differential Equations
3.11.2 Examples: Integral Equations
3.12 Hilbert Transform
3.13 Cauchy Principal Value
3.14 Hilbert Transform on a Unit Circle
3.15 Finite Hilbert Transform
3.15.1 Cauchy Integral
3.15.2 Plemelj Formulas

vii

84
86
88

98
98
99
102
103
104
105
108
108
109
109
109
109
110
110
110
110
111
111
113
117
119
120
121
122
123
124
124
124
137
142
143
145
146
146
149

viii

Contents

3.16 Complex Fourier Transform
3.16.1 Example: Complex Fourier Transform of x2
3.16.2 Example: Complex Fourier Transform of e|x|
3.17 Wiener-Hopf Method
3.17.1 Example: Integral Equation
3.17.2 Example: Factoring the Kernel
3.18 Discrete Fourier Transforms
3.18.1 Fast Fourier Transform

151
154
154
155
155
159
162
165

4 Laplace Transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.1 Inversion Formula
4.2 Properties of the Laplace Transform
4.2.1 Linearity
4.2.2 Scaling
4.2.3 Shifting
4.2.4 Phase Factor
4.2.5 Derivative
4.2.6 Integral
4.2.7 Power Factors
4.3 Transforms of Elementary Functions
4.4 Convolution Integral
4.5 Inversion Using Elementary Properties
4.6 Inversion Using the Residue Theorem
4.7 Inversion Requiring Branch Cuts
4.8 Theorems of Tauber
4.8.1 Behavior of f (t) as t → 0
4.8.2 Behavior of f (t) as t → ∞
4.9 Applications of Laplace Transform
4.9.1 Ordinary Differential Equations
4.9.2 Boundary Value Problems
4.9.3 Partial Differential Equations
4.9.4 Integral Equations
4.9.5 Cagniard–De Hoop Method
4.10 Sequences and the Z-Transform
4.10.1 Difference Equations
4.10.2 First-Order Difference Equation
4.10.3 Second-Order Difference Equation
4.10.4 Brilluoin Approximation for Crystal Acoustics

174
175
176
176
177
177
177
178
178
179
179
180
181
182
183
186
186
187
187
187
191
191
196
198
203
205
206
207
210

Author Index
Subject Index

219
220

Preface

This text is aimed at graduate students in engineering, physics, and
applied mathematics. I have included four essential topics: Green’s
functions, integral equations, Fourier transforms, and Laplace transforms. As background material for understanding these topics, a
course in complex variables with contour integration and analytic continuation and a second course in differential equations are assumed.
One may point out that these topics are not all that advanced – the
expected advanced-level knowledge of complex variables and a familiarity with the classical partial differential equations of physics may be
used as a justiﬁcation for the term “advanced.” Most graduate students
in engineering satisfy these prerequisites. Another aspect of this book
that makes it “advanced” is the expected maturity of the students to
handle the fast pace of the course. The fours topics covered in this
book can be used for a one-semester course, as is done at the Illinois
Institute of Technology (IIT). As an application-oriented course, I
have included techniques with a number of examples at the expense of
rigor. Materials for further reading are included to help students further their understanding in special areas of individual interest. With
the advent of multiphysics computational software, the study of classical methods is in general on a decline, and this book is an attempt to
optimize the time allotted in the curricula for applied mathematics.
I have included a selection of exercises at the end of each chapter
for instructors to choose as weekly assignments. A solutions manual for
ix

x
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these exercises is available on request. The problems are numbered in
such a way as to simplify the assignment process, instead of clustering
a number of similar problems under one number.
Classical books on integral transforms by Sneddon and on mathematical methods by Morse and Feshbach and by Courant and Hilbert
form the foundation for this book. I have included sections on the
Boundary Element Method and Proper Orthogonal Decomposition
under integral equations – topics of interest to the current research
community. The Cagniard–De Hoop method for inverting combined
Fourier-Laplace transforms is well known to researchers in the area
of elastic waves, and I feel it deserves exposure to applied mathematicians in general. Discrete Fourier transform leading to the fast Fourier
algorithm and the Z-transform are included.
I am grateful to my numerous students who have read my notes and
corrected me over the years. My thanks also go to my colleagues, who
helped to proofread the manuscript, Kevin Cassel, Dietmar Rempfer,
Warren Edelstein, Fred Hickernell, Jeff Duan, and Greg Fasshauer,
who have been persistent in instilling applied mathematics to believers
and nonbelievers at IIT, and, especially, for training the students who
take my course. I am also indebted to my late colleague, Professor
L. N. Tao, who shared the applied mathematics teaching with me for
more than twenty-ﬁve years.
The editorial assistance provided by Peter Gordon and Sara Black
is appreciated.
The MathematicaTM package from Wolfram Research was used to
generate the number function plots.
My wife, Celeste, has provided constant encouragement throughout the preparation of the manuscript, and I am always thankful
to her.
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G R E E N ’S F UNCT I ONS

Before we introduce the Green’s functions, it is necessary to familiarize
ourselves with the idea of generalized functions or distributions. These
are called generalized functions as they do not conform to the deﬁnition
of functions. They are often unbounded and discontinuous. They are
characterized by their integral properties as linear functionals.

1.1 HEAVISIDE STEP FUNCTION
Although this is a simple discontinuous function (not a generalized
function), the Heaviside step function is a good starting point to
introduce generalized functions. It is deﬁned as


x < 0,
 0,
h(x) = 1/2, x = 0,
(1.1)


1,
x > 0.
The value of the function at x = 0 is seldom needed as we always
approach the point x = 0 either from the right or from the left (see
Fig. 1.1). When we consider representation of this function using, say,
Fourier series, the series converges to the mean of the right and left
limits if there is a discontinuity. Thus, h(0) = 1/2 will be the converged
result for such a series.
Using the Heaviside function, we can express the signum function,
which has a value of 1 when the argument is positive, and a value of −1
1
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Figure 1.1. Heaviside step function.
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Figure 1.2. Signum function sgn(x).

when the argument is negative (see Fig. 1.2), as
sgn(x) = 2h(x) − 1.

(1.2)

We may convert an even function of x to an odd function simply by
multiplying by sgn(x).
The function shown in Fig. 1.3 can be written as
f (x) = h(a − |x|).

(1.3)

This is known as the Haar function, which plays an important role in
image processing as a basis for wavelet expansions. In wavelet analysis,

3

Green’s Functions

2

1

–1

–2

1

2

Figure 1.3. Haar function (a = 1).

families of Haar functions with support a, a/2, a/4, . . . , a/2n are used
as a basis to represent functions.

1.2 DIRAC DELTA FUNCTION
The Dirac delta function has its origin in the idea of concentrated
charges in electromagnetics and quantum mechanics. In mechanics,
the Dirac delta δ(x) is useful in representing concentrated forces. We
can view this generalized function as the derivative of the Heaviside
function, which is zero everywhere except at the origin. At the origin
it is inﬁnity. As a consequence, its integral from − to + is unity. As
is the case for all generalized functions, we consider the delta function
as the limit of various sequences of functions. For example, consider
the sequence of functions shown in Fig. 1.4, which depends on the
parameter ,

0, |x| > ,
(1.4)
f (x; ) =
1
2 , |x| < .
In the limit  → 0, f (x; ) → δ(x).
Note that
 

 ∞
f (x; ) dx =
f (x; ) dx = 1 =
−∞

−

∞

−∞


δ(x) dx =



−

δ(x) dx. (1.5)

4
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Figure 1.4. A delta sequence using Haar functions.

Figure 1.5. Another delta sequence using probability functions.

Another sequence of continuous functions which forms a delta
sequence is given (see Fig. 1.5) by the Gauss functions or probability
functions:
n
2 2
f (x; n) = √ e−n x .
π

(1.6)

We can see that the area under this curve remains unity for all values
of n. Let

I=

∞

−∞

ne−n

2 x2


dx =

∞

−∞

e−x dx,
2

(1.7)
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where we substituted nx → x. Using polar coordinates,


∞

2

I =

e


=




−x2

dx

−∞
∞ ∞
−∞ −∞
∞  2π

=
0

0
∞



= 2π
0

∞

−∞

e−(x

e−y dy

2 +y2 )

2

dxdy

e−r r drdθ
2

∞
2
2
e−r r dr = −πe−r  = π.

(1.8)

0

We frequently encounter the integral I, which has the value

I=

∞

−∞

e−x dx =
2

√
π.

(1.9)

As n → ∞, f (x; n) → δ(x).
By shifting the origin from x = 0 to x = ξ , we can move the spike of
the delta function to the point ξ . This new function has the properties,



δ(x − ξ ) = 0,
ξ +

ξ −

δ(x − ξ ) dx = 1.

x = ξ,

(1.10)
(1.11)

An important property of the delta function is localization under integration. As usual, properties of the generalized functions are proved
using the corresponding sequences. For any smooth function φ(x),
which is nonzero only in a ﬁnite interval (a, b), using the sequence
(1.4), we have


∞

−∞

φ(x)δ(x − ξ ) dx

= lim

ξ +

→0 ξ −



= lim

φ(x)

ξ + 

→0 ξ −

dx
2

1
dx
φ(ξ ) + φ  (ξ )(x − ξ ) + φ  (ξ )(x − ξ )2 + · · ·
2
2
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1
1
= lim φ(ξ ) + φ  (ξ ) + φ  (ξ ) 2 + · · ·
→0
2
6
= φ(ξ ).

(1.12)

Integrals involving a scaled delta function can be evaluated as
shown:


∞

−∞

φ(x)δ(

x−ξ
) dx =
a



∞
−∞

φ(ax )δ(x − ξ  ) adx

= aφ(ξ ),

(1.13)

where we used x = x/a, ξ  = ξ/a, a > 0.

1.2.1 Macaulay Brackets
A simpliﬁed notation to represent integrals of the δ function was introduced in the context of structural mechanics by Macaulay. In this
notation
δ(x − ξ ) = x − ξ


−1

,

(1.14)

h(x − ξ ) = x − ξ 0 ,
x − ξ n dx =


x−ξ

−1

1
x−ξ
n+1

(1.15)
n+1

dx = x − ξ 0 .

,

n = −1,

(1.16)
(1.17)

All of these functions are zero when the quantity inside the brackets is
negative. For n < 0, some books omit the factor 1/(n+1) in the integral.
We may include higher derivatives of the delta function in this group.
In one-dimensional problems, such as the deﬂection of beams under
concentrated loads, this notation is useful.
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1.2.2 Higher Dimensions
In an n-dimensional Euclidian space Rn with coordinates (x1 , x2 , . . . , xn ),
we use the simpliﬁed notation for the inﬁnitesimal volume,
dx1 dx2 . . . dxn = dx,

(1.18)

and the same for functions
φ(x1 , x2 , . . . , xn ) = φ(x),

δ(x1 , x2 , . . . , xn ) = δ(x).

Then the n-dimensional integral,

φ(x)δ(x) dx = φ(0).

(1.19)

(1.20)

Rn

More often we encounter situations involving two and threedimensional spaces and cartesian coordinates (x, y) or (x, y, z), and the
above result directly applies. When we use polar coordinates (or spherical coordinates) the appropriate area element (or volume element)
dA = r dr dθ

(or dV = r 2 sin2 φ dr dφ dθ)

(1.21)

is used. For example,
∞  2π


0

f (r, θ )δ(r − r0 , θ − θ0 )r dr dθ = f (r0 , θ0 )

(1.22)

0

1.2.3 Test Functions, Linear Functionals, and Distributions
We conclude this section by introducing the idea of generalized
functions or distributions as linear functionals over test functions.
A function, φ(x), is called a test function if (a) φ ∈ C ∞ , (b) it has a
closed bounded (compact) support, and (c) φ and all of its derivatives
decrease to zero faster than any power of |x|−1 .
A linear functional T of φ maps it into a scalar. This is done using an
integral over −∞ to ∞ as an inner product with some other sequence
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or distribution, f . If we denote this mapping as
 ∞
Tf [φ] =
f (x)φ(x) dx,

(1.23)

then the δ-distribution is deﬁned by the relation
 ∞
Tδ [φ] =
δ(x)φ(x) dx = φ(0).

(1.24)

−∞

−∞

A sequence δn (n = 0, 1, . . . , ∞) converges to the δ-function if
lim Tδn [φ] → φ(0).

n→∞

(1.25)

A distribution µ(x) is the derivative of the δ-distribution if
Tµ [φ] = −φ  (0),
as



∞

−∞

δ  (x)φ(x) dx = −



∞
−∞

δ(x)φ  (x) dx = −φ  (0).

(1.26)

(1.27)

This way, we can deﬁne higher-order derivatives of the delta function.
In engineering, concentrated forces, charges, ﬂuid ﬂow sources, vortex
lines, and the like are represented using delta functions. The delta
function is also called a unit impulse function in control theory.

1.2.4 Examples: Delta Function
Using the property, for any test function φ,
 ∞
φ(x)ψ(x) dx = φ(ξ )
−∞

(1.28)

implies
ψ(x) = δ(x − ξ ),

(1.29)

∂
1
δ(αx) = − 2 δ(x),
∂α
α

(1.30)

prove that, for α, β = 0,
(a)

